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Problem Statement

Let Gm,n = (V, E) be the de Bruijn graph of order n over a set S of m symbols. An edge labeling function
l : E → S for Gm,n is called bipermutative if, for any vertex v ∈ V , both the labels on the ingoing and
outgoing edges of v form a permutation of S .

Given two labelings l1, l2 : E → S , define the superposed labeling l1.l2 : E → S × S as l1.l2(u, v) =
(l1(u, v), l2(u, v)) for all (u, v) ∈ E. Two bipermutative labelings l1, l2 are orthogonal if, for each pair of
strings (x, y) ∈ S n × S n, there exists exactly one path in Gm,n of length n which is labeled by (x, y) under the
superposed labeling l1.l2.

As an example, let m = n = 2, and consider the de Bruijn graph G2,2 in Figure 1. It can be checked that
the two labelings l1, l2 defined in the table are indeed bipermutative and orthogonal, i.e. for each of the 16
pairs of 2-bit strings p = (x1x2, y1y2) there is exactly one path of length 2 in G2,2 which is labeled by p. We
now state the problems concerning orthogonal labelings that we are interested in.

Problem 1 (Counting). Find a formula for counting the number N(m, n) of orthogonal pairs of bipermutative
labelings for Gm,n.

Problem 2 (Enumeration). Find an algorithm that, given m and n in input, enumerates all N(m, n) orthogonal
pairs of bipermutative labelings for Gm,n.

Context

Orthogonal labelings on de Bruijn graphs are closely connected with orthogonal Latin squares defined by
cellular automata (CA). A CA of length t and diameter d ≤ t over an alphabet S is a vectorial function
F : S t → S t−d+1 defined for all x ∈ S t as:

F(x1, · · · , xt) = ( f (x1, · · · , xd), f (x2, · · · , xd+1), · · · , f (xt−d+1, · · · , xt)) . (1)
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(v1, v2)→ (u1, u2) l1 l2
00→ 00 0 0
10→ 00 1 1
01→ 10 0 1
11→ 10 1 0
00→ 01 1 1
10→ 01 0 0
01→ 11 1 0
11→ 11 0 1

Figure 1: Example of orthogonal bipermutative labelings for the de Bruijn graph G2,2.

where f : S d → S is called the local rule of the CA F. As shown for example in [4], a CA F : S t → S t−d+1

over the alphabet S can be described by a de Bruijn graph Gm,n where n = d − 1 and m = |S |, and where
the edge labeling function corresponds to the local rule f . The CA input is a path of length t − d + 1 on
the vertices of Gm,n, obtained by overlapping all vertices in the path to get a string x ∈ S t, while F(x) is the
corresponding path on the edges, obtained by concatenating the labels.

Recall that a Latin square of order N is a square N×N matrix such that, in each row and in each column,
each number from 1 to N occurs exactly once. It has been shown in [2] that if the labeling induced by the
local rule f on the de Bruijn graph is bipermutative, the CA F : S 2(d−1) → S d−1 defines a Latin square of
order md−1. Moreover, two orthogonal bipermutative labelings on Gm,n induce two CA such that their Latin
squares are orthogonal, i.e. each pair of numbers from 1 to md−1 occurs exactly once in the superposition
of the two squares. Therefore, solving Problem 1 is equivalent to counting the number of orthogonal Latin
squares of order md−1 that are generated by CA. This problem has been solved in [2] for the particular case
where the alphabet S is the finite field Fq and the local rules are linear maps on the vector space Fd

q. However,
there is no known general formula for N(n,m) up to now. Similarly, Problem 2 is equivalent to designing an
algorithm that enumerates all pairs of orthogonal Latin squares of order md−1 defined by CA. There exists an
enumeration algorithm described in [1], which however explores a superset of CA-based orthogonal Latin
squares, and then filters only the orthogonal pairs. Additionally, evolutionary algorithms have been used
in [3] to construct single orthogonal pairs.
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