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Runs/Repetitions
The string

1 2 3 4 5 6 7 8 9 10 (1)
X=c g ¢ c g ¢c &g ¢ c &g

has runs (maximal periodicities) c? (twice), cgcge, (cgc)?, and
(cgccg)?. All of these are repetitions except cgcge, which defines

two more repetitions (cg)? and (gc)?.

In general, every repetition is a substring of some run; thus
computing all the runs implicitly computes all the repetitions.

N
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Computing Runs

Runs can be computed in linear time [KKO0O], but only using global
data structures (suffix tree, suffix array, etc.) that depend on
ordering suffixes of the string.

Why??? Runs are

» sparse [PS08]: 0.25n expected for DNA, 0.01n expected for
English text;

» local: generally confined to small substrings;

» unordered: unaffected by the ordering of the alphabet.

Why can't we compute runs more easily??? It would make an
orders of magnitude difference in the time and space requirments.

We need to understand more about the combinatorics of squares,
especially “double squares”.
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Double Square |

Definition
If x = v? has a proper prefix u?, u < v < 2u, we say that x is a
double square and write it x = DS(u, v).

Lemma (Old NPL [FSS05, FPST06])

Let x = DS(u, v), where u has no square prefix and v is not a
repetition. Then for all integers k and w such that

0<k<v—u<w<vandw# u, x[k+1..k+2w] is not a square.

Lemma (New NPL [BFS14])

Consider a double square DS(u,v) = (ug, uz, e1, €). If w? is a
proper substring of v, then either

(a) w<u, or

(b) u < w < v and the smallest generator of w is a conjugate
(rotation) of uy.
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DS I

Table : Structure of x for subcases S € 1..14: ¢ is the largest alphabet
size consistent with u, v, k, w [FFSS12]; d, dy and d3 are prefixes of x
with d = ged(u, v, w), di = ged(u—w, v—u), dr = ged(u, v—w),

d3 = v mod d>.

Subcases S Conditions Breakdown of x
1,2,5,6,8-10 (Vx,0 = d) x = d¥/9
34,7 (Vx) x = dp /% dy Y/ hdy (vu)/d
specified cases x = d*/9
11-14 oc=dord, <2u—v x = d*/?
otherwise X = ((d3d2/d3)V/dz)2
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DS I

Lemma (S07,KS12,FFSS12,BS14)

Suppose that in x = DS(u,v), 3u/2 < v < 2u, w? occurs at
x[k+1], where 0 < k < v—u < w < v, w # u. Then for each of
the 14 subcases, the corresponding structure of x is given in the
above table.

Note:

» The constraints on u and v are gone!

» In every case the assumption that w? exists forces a
breakdown into runs of small period, whose generator (d, dy
or d3) is a prefix of x; in all but a few instances (subsubcases
of 3,4,7), x is a single repetition of small period.

» This is Structure! What do we do with it?
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DS IlI: The Magical L-Root

It took only a page [BIINTT14] for six Japanese mathematicians to
show that p(n) < n—1, a problem that dozens of smart people had
been working on for 15 years.

Definition
Consider the two orderings of ¥ = {c,g}:
» F (Forward): c < g
» B (Backward): g < c
and the associated lexicographic (dictionary) orderings F and B of
strings x on .. Then a primitive string x on ¥ is a Lyndon word

Lg (respectively, Lg) if it is the (unique) least in F-order
(respectively, B-order) over all rotations R;j(x), 1 < j < n—1.

For example, x = ccg is L, y = gcc is Lg, z = cgc is not a
Lyndon word.
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DS Ill: F-Root & B-Root

Definition

The F-root (respectively, B-root) of a run in x is the position in x
of the Lyndon word Lg (respectively, Lg) that is conjugate to the
(primitive) generator of the run and leftmost in the run, except not
the run’s first position.

1 2 3 4 5 6 7 8 9 10
X=c g ¢ ¢c g ¢ g c c g (2)
B F
The F-root of run cgcgc in x = (cgccg)? is position 6, the B-root
is position 5.
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DS III: L-Root

Definition

Suppose that a sentinel letter $ > g > c is appended to x. Then
the L-root of a run in x is the F-root if the run is followed by c,
the B-root otherwise.

1 2 3 4 5
X=c g ¢ c g
B

~To o

Lemma
The L-roots of the runs in x are distinct!

Corollary
p(n) < n—1.
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DS Il L-Root Example

The runs in x = (cgccg)? are
» cc (twice, period 1)
» cgcge (period 2)
» (cgc)? (period 3)
» (cgceg)? (period 5)

1 2 3
X=c g ¢
periods = 3

Hey presto!
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Now What?

These very recent results give us a great deal of structural
information about the behavious of squares (repeptitions) in
strings: now we need to work out how to use it ...
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